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We revisit the representation of generalized quantum observables by establishing a geometric
picture in terms of their positive operator-valued measures (POVMs). This leads to a clear geometric
interpretation of Born’s rule by introducing the concept of contravariant operator-valued measures.
Our approach is applied to the theory of array detectors, which is a challenging task as the finite
dimensionality of the POVM substantially restricts the available information about quantum states.
Our geometric technique allows for a direct estimation of expectation values of different observables,
which are typically not accessible with such detection schemes. In addition, we also demonstrate the
applicability of our method to quantum-state reconstruction with unbalanced homodyne detection.
I. INTRODUCTION
An intriguing property of the quantum measurement
principle is the non-deterministic nature of this process,
often referred to as the collapse of the wave function.
The standard approach to describing physical measure-
ment outcomes in the quantum domain is given in terms
of observables, which are Hermitian operators acting on
the Hilbert space of pure quantum states. Furthermore,
the seminal Born rule states that eigenvalues of these ob-
servables represent the possible outcomes of the related
measurements with probabilities obtained by averaging
the projector for the corresponding eigenstate [1]. Be-
ing one of the most fundamental principles of quantum
physics, Born’s rule was experimentally confirmed, for ex-
ample, through quantum interferences [2]. In addition,
it has been considered in connection with other essential
concepts of quantum physics, such as entanglement [3].
The photoelectric detection of light [4, 5] is a promi-
nent example of a quantum measurement, which became
one of the most important tools to describe quantum-
optical experiments. In the ideal case, the corresponding
measurement outcome is the number of detected photons.
This formally means that a detector measures the observ-
able nˆ, the photon-number operator. Consequently, an
ideal experiment records data which counts n photons
with a probability pn. However, a realistic description
has to model different imperfections properly, requiring
one to modify the measured observable.
Another frequently occurring problem in quantum op-
tics consists in finding the expectation value of an observ-
able Bˆ ≡ B(nˆ), which is a function of nˆ. For example,
one might be interested in moments or normal-ordered
moments of the photon-number operator nˆ, which are
important for the characterization of nonclassical prop-
erties of light [6, 7]. Another relevant function is the
normal-ordered exponent of the photon-number opera-
tor, whose expectation value yields the Cahill-Glauber
quasi-probability distribution [8, 9]. This feature is
used, for example, for the reconstruction of the quan-
tum state of light via unbalanced homodyne detection
[10–12]. These examples demonstrate that the descrip-
tion of expectation values of operator functions is vital
for the characterization of quantized radiation fields.
In the case of ideal photodetection, the problem of find-
ing 〈Bˆ〉 is straightforwardly resolved by applying the rule
〈Bˆ〉 =
∞∑
n=0
pn 〈n| Bˆ |n〉 =
∞∑
n=0
pnB(n), (1)
where |n〉 is the number state, the eigenstate of nˆ to the
eigenvalue n. Therefore, we can directly estimate the
value of 〈Bˆ〉 from the experimentally obtained photon-
number distribution pn. Again, the scenario of imperfect
detection requires extensive modifications.
Realistic detection scenarios and an efficient data anal-
ysis necessitate a profound revision of the description of
quantum measurements to include imperfect devices. For
instance, detection losses and dark counts exist in all
practical photodetection processes. Moreover, discrimi-
nating adjacent photon numbers is another challenging
task when employing commercially available detectors.
In this regard, alternative schemes have to be considered,
such as click-counting detectors [13]. The corresponding
measurement layout is based on the spatial [14–17] or
temporal [18–20] splitting of the incident light into sev-
eral optical modes with fewer photons (see Fig. 1). This
renders it possible to detect the resulting modes with
devices with a limited photon-number resolution, specif-
ically, on-off detectors which can only react to the pres-
ence or absence of photons. Here the typical assumption
is that if n out of N detectors of the array jointly register
clicks, one can expect that this corresponds to n photons
in the initial light field. However, this naive picture does
not apply to many practical cases and as such, the ac-
tual click-counting distribution %n can significantly differ
from the photon-number distribution pn [21–24]. One
possibility to circumvent this problem and to find a gen-
eral expectation value 〈Bˆ〉 based on Eq. (1) may consist
in a reconstruction of the true photon-number distribu-
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2tion pn. Although this presents an ill-posed (inversion)
problem, some methods have been introduced which are
very beneficial for particular cases [20, 25, 26]. Still, a
general method to access the desired expectation values
is missing so far. 
Signal
Vacuum
U(N) N
..
.
Vacuum
FIG. 1. An array detector consists of a set of N on-off de-
tectors. An incident signal is split into multiple beams with
equal intensities, represented by a unitary U(N), which are
individually measured with on-off detectors. Dashed lines in-
dicate the N − 1 vacuum inputs.
In this paper, we introduce an alternative method
for obtaining the expectation values of functions of the
photon number from the experimentally accessible click-
counting statistics. Our technique is based on the more
general finding that Born’s rule for general types of mea-
surements yields a clear geometric interpretation. This is
achieved by applying techniques from analytic geometry
[27, 28]. As an example of practical relevance, we study
the click-counting detection as a measurement procedure
for which we can not ascribe a Hermitian operator whose
eigenvalues correspond to the measurements outcomes.
Following Holevo [29], the corresponding observables in
such a case are referred to as generalized observables.
Our geometrical interpretation of Born’s rule enables us
to determine an operator decomposition, similar to the
positive operator-valued measure (POVM) expansion, for
such generalized observables.
The paper is organized as follows. In Sec. II, we elab-
orate the notion of generalized observables and their geo-
metrical structure. These results are exemplified through
an application to array detectors in Sec. III. In Sec. IV,
the developed theory is further applied to the problem of
quantum-state reconstruction. A summary and conclud-
ing remarks are given in Sec. V.
II. GEOMETRY OF BORN’S RULE
Let us consider a measurement procedure which is de-
scribed with the set of operators {Πˆn : n ∈ I}, defining
the POVM. These operators are positive-semidefinite and
satisfy the relation
∑
n∈I Πˆn=1ˆ. Since we are interested
in the specific class of measurements related to the pho-
toelectric detection of light, we restrict our consideration
to such operators Πˆn, which are functions of the photon-
number operator nˆ. Furthermore, for the sake of simplic-
ity, we will restrict ourselves to countable or finite index
sets.
The probability for the nth measurement outcome is
described by Born’s rule as
%n = Tr(%ˆ Πˆn), (2)
where %ˆ is the density operator. Let Bˆ represent a given
observable, which is a function of photon-number opera-
tor nˆ. Our aim is to formulate a rule which generalizes
the relation (1) such that the expectation 〈Bˆ〉 will be
expressed in terms of the probabilities %n.
A. Observables and states
The operation of Born’s rule in Eq. (2) can be consid-
ered as a scalar product of %ˆ and Πˆn, which is known as
the Hilbert-Schmidt (HS) scalar product and defined as
〈%ˆ , Πˆn〉HS = Tr(%ˆ Πˆn). (3)
This structure enables one to formally consider observ-
ables as elements of a vector space, which is in our case
the linear space of HS operators. In such geometrical
terms, each quantum state can be identified with an
element of the dual space, that is, a linear functional
〈%ˆ , ·〉HS which maps an observable Bˆ to the number
〈Bˆ〉 = 〈%ˆ , Bˆ〉HS, the expectation of this observable.1 In
addition, the density operator %ˆ itself is also an element
of the HS vector space for the scenario under study.
The POVM {Πˆn : n ∈ I} can be considered as a basis
for a subspace of observables. Note that the POVM, in
general, does not span the entire space of HS operators
which happens, for example, for the finite index set I
in the case of array detectors as discussed later. The
observable Bˆ can be expanded in this basis
Bˆ =
∑
n∈I
BnΠˆn + Rˆ (4)
(see also the schematic presentation in Fig. 2). Here Rˆ
is the orthogonal completion of the operator Bˆ to the
POVM basis to account for the contribution of the op-
erator which is not spanned by the POVM under study.
This yields for such an orthogonal completion,
〈Rˆ , Πˆn〉HS = Tr(Rˆ Πˆn) = 0 (5)
for all n ∈ I. The symbols Bn denotes the contravariant
coordinates of the observable Bˆ. Note that in analytic
geometry, superscripts indicate a specific element and not
a power [27, 28], which is adopted in this paper.
1 The quantum-state functional has to satisfy two conditions: (i)
〈%ˆ , gˆ†gˆ〉HS ≥ 0 ∀gˆ and (ii) 〈%ˆ , 1ˆ〉HS = 1.
3Bˆ
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FIG. 2. Schematic presentation of the observable Bˆ in the
POVM basis {Πˆ0, Πˆ1}. The vector representation of the ob-
servable Bˆ is the sum of the vector Bˆc =
∑1
n=0B
nΠˆn and
the orthogonal completion Rˆ, according to Eq. (4).
Averaging over the relation (4), i.e., applying the
quantum-state functional 〈%ˆ , ·〉HS, we find the rule for
the estimation of the expectation value 〈Bˆ〉,
〈Bˆ〉 =
∑
n∈I
Bn%n + 〈Rˆ〉. (6)
Here 〈Rˆ〉 can be understood as a systematic error due
to the orthogonal complement to the given POVM. For
practical applications of this relation, we also need to
describe how to calculate the contravariant coordinates
Bn of the observable Bˆ.
First, we consider the special case of an observable Cˆ
for which the values Cn can be considered as the out-
comes of the given measurement procedure. For exam-
ple, Cn = n can represent the number of registered clicks
from an array detector. In this case, Eqs. (4) and (6) are
given by
Cˆ =
∑
n∈I
CnΠˆn, 〈Cˆ〉 =
∑
n∈I
Cn%n, (7)
respectively. This clearly implies that 〈Cˆ〉 is the expecta-
tion of the generalized observable related to the consid-
ered measurement. Thus Cˆ can be considered as the op-
erator representation of the measured observable. How-
ever, its eigenvalues coincide with the measurement out-
comes solely in the case when the POVM is orthonor-
mal, i.e. 〈Πˆn, Πˆm〉HS = δmn for all m,n ∈ I, where δ
denotes the Kronecker symbol. A different rule has to be
developed for obtaining more general contravariant coor-
dinates Bn. Let us emphasize that for the general case,
we have to make a distinction between the contravariant
coordinate and the measurement outcome.
B. Contravariant operator-valued measure
In order to find such a rule, we introduce a method
based on the geometrical description. For this purpose,
we consider which information about the quantum state
can be extracted from the given measurement. We can
interpret Born’s rule (2) as a geometrical relation %n =
〈%ˆ , Πˆn〉HS, where the probabilities %n can be interpreted
as the covariant coordinates of the density operator %ˆ.
This means we can use the fact that there exists a dual
operator basis {Πˆn : n ∈ I}, termed the contravariant
operator-valued measure (COVM), such that
%ˆ =
∑
n∈I
%nΠˆ
n + Oˆ, (8)
where Oˆ is the orthogonal completion to the density op-
erator %ˆ. To ensure that the relation (6) holds true, the
POVM and the COVM operators, being dual bases to
each other, satisfy the orthogonality relation,
〈Πˆn, Πˆm〉HS = Tr(ΠˆnΠˆm) = δnm. (9)
Moreover, any basis is completely characterized by the
covariant metric tensor [27, 28]
gnm = 〈Πˆn, Πˆm〉HS = Tr(ΠˆnΠˆm). (10)
In the case of an orthonormal basis, we have gnm = δnm,
which is no longer true in the general case. To construct
the dual basis for the general scenario, the contravariant
metric tensor gnm, the inverse to gnm, can be computed
as ∑
k∈I
gnkgkm = δ
n
m. (11)
Therefore, the COVM elements can be straightforwardly
obtained via
Πˆn =
∑
m∈I
gnmΠˆm. (12)
By such a construction, the POVM and the COVM nec-
essarily satisfy the orthogonality relation (9).
This COVM technique allows us to operate with (gen-
eralized) observables in the same manner as vectors are
handled in analytic geometry. In particular, the con-
travariant coordinates of the observable Bˆ are given by
Bn = 〈Πˆn, Bˆ〉HS = Tr(ΠˆnBˆ). (13)
This approach generalizes and includes the previously
considered case of the observable Cˆ, for which contravari-
ant coordinates Cn are identical to the outcomes of the
measurement procedure. Beyond the following examples,
we also apply this technique to photocounting detection
including losses [4, 5] (where Rˆ = 0) in Appendix A.
In addition, we can now also define the covariant co-
ordinates of observables,
Bn = 〈Bˆ, Πˆn〉HS = Tr(BˆΠˆn). (14)
4Further, applying the formula (6), the contravariant co-
ordinate reads
Bn =
∑
m∈I
gmnBm, (15)
which represents a raising of indices, frequently used in
analytic geometry.
C. Discussion
As previously mentioned, a geometrical structure nat-
urally appears in quantum theory when describing Born’s
rule using the HS product. In this interpretation, each
observable can be considered as a vector in a given
POVM basis. Quantum states are presented by elements
of the corresponding dual space. Furthermore, let us
mention that in general, the COVM (the dual basis) is
not a positive semidefinite one. Thus, the COVM does
not represent a physical measurement.
In Fig. 3(a), we show an example of a POVM
Πˆ0 = |0〉〈0|+ (1− η)|1〉〈1| , Πˆ1 = η|1〉〈1| (16)
together with its COVM,
Πˆ0 = |0〉〈0| , Πˆ1 = −1− η
η
|0〉〈0|+ 1
η
|1〉〈1|. (17)
For instance, |0〉 and |1〉 could be the ground and excited
state of a two-level system, respectively. The excitation is
detected with a quantum efficiency η ∈ [0, 1]. It is easy to
verify that the orthogonality Tr(ΠˆmΠˆn) = 〈Πˆm, Πˆn〉HS =
δmn is satisfied for all m,n ∈ I = {0, 1}. The coordinate
axes shown in Fig. 3 point into the perpendicular direc-
tions |0〉〈0| and |1〉〈1|. While the POVM is positive, the
negative component of its COVM can be clearly seen.
The geometric interpretation of Born’s rule for a gen-
eralized observable Cˆ is summarized by the following two
statements: (i) The measurement outcome is given by the
contravariant coordinates Cn of the measured observable
Cˆ and (ii) the probability of the nth outcome is given by
the corresponding covariant coordinate %n of the density
operator %ˆ. Another observable Bˆ can be expanded in
the POVM basis of the observable Cˆ, which results in
the rule (6) for an approximate estimation of its expec-
tation value. In this context, let us mention that a special
rule for defining functions of generalized observables can
be formulated too (see Appendix B).
Furthermore, the length of the vector is an important
geometrical property. In our case, it is given by the HS
norm of the corresponding operator
‖Bˆ‖HS =
√
〈Bˆ, Bˆ〉HS =
√
Tr(Bˆ[2]). (18)
Here and in the following, superscripts of the form [n] de-
note the nth power to distinguish them from a component
of a coordinate. In the scenario under study, the consid-
ered operators belong to the HS class, i.e. ‖Bˆ‖HS < ∞.
B1
Πˆ1
B1
Bˆ
Πˆ1 Πˆ0
B0
B0Πˆ0
ρ0
ρ1
ρˆ
ρ0
ρ1
≈
(a)
(b)
Πˆ1
Πˆ1 Πˆ0
Πˆ0
FIG. 3. Graphical presentation of POVM and COVM bases,
Eqs. (16) and (17), respectively, for η = 0.5. (a) The ob-
servable Bˆ = |0〉 〈0| + 2 |1〉 〈1| and (b) the density operator
%ˆ = 0.9 |0〉 〈0| + 0.1 |1〉 〈1| with the corresponding covariant
and contravariant coordinates are shown. The coordinate ρ1
has a clear negative value.
Not all observables satisfy this condition, such as the
photon-number operator nˆ. In Sec. III, we additionally
discuss a way to overcome this problem for some physi-
cally relevant examples.
We can consider covariant coordinates of observables
[see Eq. (14)] and contravariant coordinates of the den-
sity operator %n = 〈Πˆn, %ˆ〉HS = Tr(Πˆn%ˆ). This allows us
to expand the observable and the density operators with
these coordinates as
Cˆ =
∑
n∈I
CnΠˆ
n, %ˆ =
∑
n∈I
%nΠˆn + Oˆ. (19)
In contrast to Cn and %n, neither Cn nor %
n represents
values appearing in the geometrical formulation of Born’s
rule. This means that they do not have a physical mean-
ing in terms of a measured and reconstructed quantity.
For instance, %n can take even negative values [see Fig.
3(b) for an example]. Yet these new coordinates pro-
vide helpful tools for the geometric interpretation of the
quantum-physical measurement process.
In addition, there exist well-known examples of de-
tection schemes beyond the photocounting measurement,
such as eight-port [30] and heterodyne detection [31]. In
this scenario, the POVM can be presented by an uncount-
able set of projectors on coherent states Πˆn = pi
−1|α〉〈α|
5with n = α ∈ C = I. Then %n is identical to the
Glauber-Sudarshan P function [32, 33] (a not necessarily
non-negative phase-space distribution) %n = P (α) and
%n is the Husimi-Kano Q function [34, 35] (a necessarily
non-negative phase-space distribution) %n = Q(α). We
additionally have a vanishing orthogonal completion to
the density operator Oˆ = 0. Such a geometrical rep-
resentation for quantum phase-space distributions has
been considered also in Ref. [36]. These measurements,
which allow for reconstructing the full density operator,
are called informationally complete (see Refs. [37–41]).
D. Singular metrics
The geometrical structure of finite-dimensional sub-
spaces, i.e. I = {0, . . . , N} yields a singularity in the
covariant metric tensor. In order to demonstrate this,
one can consider the resolution of unity for the POVM∑N
n=0 Πˆn = 1ˆ, where 1ˆ is the identity. From this prop-
erty, we can conclude that at least one of the opera-
tors Πˆn does not belong to the HS class, which can be
seen when expressing one of them, e.g. ΠˆN in terms of
the other ones ΠˆN = 1ˆ −
∑N−1
n=0 Πˆn. Evidently, even
if gnm = Tr(ΠˆnΠˆm) exists for n,m = 0 . . . N − 1, it
cannot exist for ΠˆN because 1ˆ is not a HS operator
‖1ˆ‖HS = (
∑∞
n=0 1)
1/2 = ∞. This means that at least
one component of the covariant metric tensor (here gNN )
yields a singular value.
To ensure that our method applies to such a scenario
as well, let us consider the following. To compensate for
the singularity of the covariant metric tensor, the con-
travariant metric tensor gnm satisfies
gNm = gnN = gNN = 0 and
N−1∑
k=0
gnkgkn = δ
m
n .
(20)
This also implies that ΠˆN = 0. All other components of
the COVM Πˆn are linear combinations of the HS-class
POVM components Πˆn for n = 0, . . . , N − 1. Therefore,
the COVM is represented by HS-class operators only.
E. Systematic error
For a wide class of HS operators Bˆ, ‖Bˆ‖HS < ∞ [Eq.
(18)], one can quantify the contribution of the orthogonal
completion Rˆ. In fact, it follows from Eqs. (4), (5), and
(20) that the HS norm of the orthogonal completion reads
‖Rˆ‖HS =
√√√√‖Bˆ‖[2]HS − N−1∑
n=0
BnBn. (21)
This norm yields an upper bound to the systematic error
of the evaluation of 〈Bˆ〉,
〈Rˆ〉[2] ≤ 〈Rˆ[2]〉 ≤ ‖Rˆ‖[2]HS. (22)
Later, we also demonstrate that the actual errors are
usually much smaller than estimated by this worst-case
scenario. Therefore ‖Rˆ‖HS can be considered as a state-
independent HS mismatch for the estimation of the ex-
pectation value 〈Bˆ〉 based on the reconstructed probabil-
ities %n for an observable Bˆ based on the measurement
of the generalized observable Cˆ (see the scheme in Fig.
2).
III. APPLICATION: CLICK DETECTORS
In this section, we consider a typical example of
the finite-basis measurement in the infinite-dimensional
photon-number space of practical relevance. One fea-
ture of such measurements is that a clear discrimina-
tion of photon numbers, which corresponds to the POVM
considered in Appendix A, is hardly accessible with the
presently available technologies. There exist several ways
to resolve this problem. For example, one way to cir-
cumvent imperfect photon-number resolution is to split
an initial beam into a number of beams and to detect
each of them with an on-off detector, which results in an
array of click detectors (see, e.g., Ref. [14–17] and Fig.
1). A related approach consists in using fiber loop config-
urations, resulting in arrays of time-bins to be detected
[18–20].
The photocounting equation and the corresponding
POVM for array detection schemes have been presented
and analyzed in Refs. [21, 22]. For N on-off detectors,
the POVM is given by the elements
Πˆn = :
(
N
n
)[
1ˆ− exp
(
−g(nˆ)
N
)][n]
exp
(
−g(nˆ)
N
)[N−n]
:
(23)
for n ∈ I = {0, . . . , N} denoting the number of on-off
detectors which record a coincidence click. Here g(nˆ) is
the detector response function, which can be estimated
experimentally [42]. In our case, we assume a linear
form g(nˆ) = ηnˆ + ν, where η is the detection efficiency
and ν is the intensity of dark counts [43–46]. Further
: · · · : denotes normal ordering. We recall that the super-
script [n] indicates the power. It is also worth mentioning
that in many practical situations, the click statistics Eq.
(23) strongly differs from the photocounting statistics Eq.
(A1) (see also Ref. [21] for a detailed discussion).
A. Metric tensor and coordinates
For η = 1 and ν = 0, the covariant metric tensor for
the POVM elements in Eq. (23) reads
gnm =
(
N
n
)(
N
m
) m∑
k=0
n∑
l=0
(
m
k
)(
n
l
)
(−1)[k+l]
1− (n−l)(m−k)
N [2]
.
(24)
6See Appendix C for the general case η 6= 1 or ν 6= 0. As
it has been discussed in Sec. II D, the covariant tensor of
the finite-basis POVM has at least one divergent compo-
nent, here gNN =∞. Consequently, the (N+1)×(N+1)
components of the contravariant metric tensor have to
satisfy the conditions in Eq. (20). This implies that we
can consider only an (N × N)-dimensional tensor gnm,
which is inverse to the tensor gnm for n,m = 0, . . . , N−1.
Even though the analytical expression for the specific
contravariant metric tensor is unknown, it can be directly
obtained numerically.
Now we aim at reconstructing expectation values of an
observable Bˆ, which is a function of the photon-number
operator nˆ, based on the click-counting statistics %n as
stated by the rule (6). Therefore, it is enough to deter-
mine the covariant coordinates Bn [Eq. (14)], and then
calculate the contravariant coordinates via the method
of rising indices (15), where gnm is the numerically com-
puted inverse of gnm. Consequently, the covariant coor-
dinate reads
Bn =
(
N
n
) n∑
k=0
(
n
k
)
(−1)[n−k]FN ;k, (25)
where
FN ;k = Tr
[
Bˆ : exp
(
− (N − k)nˆ
N
)
:
]
. (26)
Recall that the index set in all sums is restricted by
I = {0, . . . , N − 1} (see Sec. II D). In the following,
let us apply this method for some important examples
of the operator Bˆ to gather some insight into the pho-
ton properties accessible without a full photon-number
resolution.
B. Reconstruction of the photon-number statistics
As the first application of our technique, we consider
the operator Bˆ = |m〉 〈m|, the projector on a Fock state.
The expectation of this operator gives the probability of
having m photons if the detection was perfect. Therefore,
the estimation of such operators for different m results in
the reconstruction of the photon-number statistics from
the click statistics. The covariant coordinate of this op-
erator can be explicitly calculated,
Bn =
[
|m〉 〈m|
]
n
=
(
N
n
)
n!
N [m]
{
m
n
}
, (27)
where {mn } are the Stirling numbers of the second kind.
For details of the calculation, see also Refs. [21, 47].
The HS mismatch [see Eq. (21)] for different projec-
tors |m〉 〈m| and for N = 10 is shown in Fig. 4. One
can see that for m = 0, 1, 2, it yields acceptable values.
For larger m, the projectors |m〉 〈m| mostly belong to
the orthogonal complement of the basis Πˆn. This means
that the reconstruction of the photon-number statistics
from the click statistics without applying additional reg-
ularization techniques can completely fail (see Appendix
D). Consequently, our method certifies on a quantitative
basis, via exact reconstruction errors, that a proper de-
tection theory is necessary to employ array detectors and
inversions, as frequently used, have to be handled with
great care.
m
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FIG. 4. The HS mismatch of the projectors |m〉 〈m| for
different numbers m in the case of N = 10.
C. Click-counting operator
Another fundamental example is the click-counting op-
erator (see Refs. [22, 47]), which reads
Cˆ =
N∑
n=0
n Πˆn = N
[
1− : exp
(
− nˆ
N
)
:
]
. (28)
This operators represents the generalized observable cor-
responding to the click-counting detection. Again, the
eigenvalues of this operator are different from measure-
ment outcomes. However, the contravariant coordinates
of this operator are clearly given by
Cn = 〈Πˆn, Cˆ〉HS = n, (29)
which completely agrees with the geometrical formula-
tion of Born’s rules.
D. Exponents of the photon-number operator
Let us consider an exponential function of the photon-
number operator nˆ,
Bˆ = exp(−tnˆ), (30)
where t ≥ 0 is a fixed parameter. Here the FN ;k in the
expression (25) for covariant coordinates are given by
FN ;k =
N
N − k exp(−t) . (31)
7The HS norm of this operator
‖Bˆ‖[2]HS =
1
1− exp(−2t) (32)
shows that the operator belongs to the HS class for any
positive t.
H
S
M
is
m
at
ch
t
20
15
10
5
0
......
......
......
FIG. 5. The HS mismatch ‖Rˆ‖HS of the operators Bˆ =
exp(−tnˆ) (dashed line) and Bˆ =: exp(−tnˆ) : (solid line) vs
the parameter t in the case of N = 10 on-off detectors.
Similarly, let us consider the normally ordered operator
Bˆ =: exp(−tnˆ) :, (33)
where t ∈ (0, 2). Such an operator plays a crucial role
in the quantum-state reconstruction with unbalanced ho-
modyne detection [10] (see also Sec. IV). The numbers
FN ;k in this case take the form
FN ;k =
N
N − k(1− t) , (34)
which yields the HS norm as
‖Bˆ‖[2]HS =
1
t(2− t) . (35)
This operator belongs to the HS class for 0 < t < 2.
Plots of the HS mismatches ‖Rˆ‖HS [see Eq. (21)] as
functions of the parameter t in the case of N = 10 are
presented in Fig. 5 to assess the quality of the recon-
struction. For very small values of the parameter t, both
cases of HS mismatches are large, which means that the
corresponding operators are mainly spanned by the or-
thogonal complement of the POVM Πˆn. With increasing
t, the mismatches tend to zero. In this case, the up-
per bound of the systematic error for the reconstruction
of the expectation values [see Eq. (22)], is comparably
small. This behavior holds true for arbitrary large t in
the case of Bˆ = exp(−tnˆ). However, for Bˆ =: exp(−tnˆ) :,
the HS mismatch increases when t is close to the value 2.
E. Moments of the photon-number operator
Moments of the photon-number operator 〈nˆ[m]〉 and
the normal-ordered moments 〈: nˆ[m] :〉 play a crucial
role for the verification of nonclassical properties of light
[6, 7]. Both operators nˆ[m] and : nˆ[m] : do not belong
to the HS class. Thus, the HS mismatch in both cases
is undefined. Nevertheless, the covariant coordinates in
both cases can be obtained by expanding Eqs. (31) and
(34) in series with respect to t. The numbers FN ;k for
the moments are given by
FN ;k =
(
x
d
dx
)[m]
(1− x)[−1]
∣∣∣
x=k/N
(36)
for the case of Bˆ = nˆ[m] and
FN ;k =
m!Nk[m]
(N − k)[m+1] (37)
for the case of Bˆ =: nˆ[m] :. These expressions are clearly
divergent for k = N . This means that the covariant
coordinates BN are also divergent, which is consistent
with the divergence of the metric tensor (gNN =∞).
Furthermore, such a behavior of the moments has a
clear physical explanation. Namely, it is impossible to
give a state-independent estimation for the moment of
photon numbers. For an arbitrary state, the probabil-
ity of appearance of arbitrarily large numbers of photons
can be arbitrarily large too. It is evidently impossible to
estimate the state-independent error without additional
information about the state.
Let us suppose that our state is approximately re-
stricted by a photon number of M . In this case, we can
redefine the photon-number moment nˆ[m] as
Bˆ(M) =
M∑
n=0
n[m] |n〉 〈n| (38)
and, correspondingly, the normal-ordered photon-
number moment : nˆ[m] : as
Bˆ(M) =
M∑
n=m
n!
(n−m)! |n〉 〈n| . (39)
This truncation to M photons is indicated by (M) in
the index. Such truncated versions of moments belong
to the class of HS operators. In the limit M →∞, they
approach the operators nˆ[m] and : nˆ[m] :, respectively.
In Fig. 6, we present the dependence of the HS mis-
match on the number m for the truncated moments and
the truncated normal-ordered moments. In both cases,
the HS mismatches increase not faster than a logarith-
mic function. A similar behavior occurs for the moments
themselves. In Fig. 6, we compare the HS mismatch with
the value of moments for a photon-number state. It can
be clearly seen that the relative HS mismatch is about
a few orders smaller than the orders of moments. This
example shows that the reconstruction of moments for a
low-intensity light is feasible.
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FIG. 6. The HS mismatches ‖Rˆ‖HS (black bars) and mo-
ments (gray bars) in logarithmic scale for a photon-number
state |5〉 in the case of N = 20 as a function of the order of
moments m. (a) the truncated moments 〈nˆ[m]〉 [see Eq. (38)],
and (b) the truncated normal-ordered moments 〈: nˆ[m] :〉[see.
Eq. (39)].
F. Fine estimation of the reconstruction error
As it has been discussed in Sec. II E, the HS mis-
match ‖Rˆ‖[2]HS represents the upper bound for the estima-
tion error of an observable Bˆ based on the click-counting
statistics %n. As the HS mismatch is a state-independent
characteristic of such an observable, its value can be large
compared to the expectation value of the observable it-
self. Here we describe a technique which enables one to
significantly decrease the estimated error based on addi-
tional information about the quantum state under study.
The idea of fine estimation of errors generalizes the
truncation approach, as already demonstrated for the es-
timation of moments 〈nˆ[m]〉 and normal-ordered moments
〈: nˆ[m] :〉. Here we apply this technique to arbitrary oper-
ators, which are functions of the photon-number operator
nˆ. Specifically, let us suppose that we have to estimate
an expectation value of a given observable Bˆ, which is
based on the measured click statistics %n. This observ-
able can be expanded in terms of projectors on the Fock
number states as
Bˆ =
∞∑
n=0
|n〉 〈n| Bˆ |n〉 〈n| . (40)
Presupposing the additional knowledge about the quan-
tum state that, to a good approximation, this states does
not have more than M photons, we find that the expec-
tation value of the operator (40) is the same as for the
truncated operator
Bˆ(M) =
M∑
n=0
|n〉 〈n| Bˆ |n〉 〈n| . (41)
Regardless of whether the operator Bˆ belongs to the HS
class, the new operator Bˆ(M) is a HS operator.
Such a procedure allows us to estimate the HS mis-
match (21) for the operator (41). Yet it requires addi-
tional knowledge about the quantum state in terms of
the truncation number M . This number has to be cho-
sen such that the overall probability to have more than
M photons is negligibly small. In general, the mismatch
of the truncated operator Bˆ(M), estimating the recon-
struction error for the observable, is smaller than the
mismatch of the operator Bˆ.
In this section, we applied our geometric approach to
measurements which are incomplete and therefore exhibit
singularities in their metric tensor. Using our techniques,
we were able to approximate vital features of the photon-
number statistics based on measurements with frequently
employed array detectors. Moreover, this included a rig-
orous treatment of reconstruction errors which enable a
quantitative assessment of the resulting expectation val-
ues. Our derived methods are of major relevance for ex-
periments which rely on such reconstruction approaches
and have to include appropriate error estimates. In the
following, let us demonstrate how this toolbox can be
used for the quantum-state description in terms of phase-
space distributions.
IV. APPLICATION: UNBALANCED
HOMODYNE DETECTION
In this section, we study the application of the devel-
oped technique to the problem of quantum-state recon-
struction with the unbalanced homodyne detection (see
Refs. [10, 11]). Practical applications of this method re-
quire ideal photon-number determination, which is solely
possible under special conditions [12]. For instance, ar-
ray detectors do not fall into this class of ideal mea-
surement devices. In order to overcome this problem,
it was proposed to reconstruct a click counterpart of
the Cahill-Glauber s-parametrized phase-space quasi-
probability distribution [48, 49]. Recently an experimen-
tal implementation of this approach was reported [50].
Another approach utilizes the so-called fitting of data
patterns [26] for the local reconstruction of the Wigner
function [51]. Here, we show how the geometrical method
can be applied to the reconstruction of s-parametrized
phase-space quasiprobability distribution [8, 9] P (α; s)
using array detectors and our error estimation.
9The idea of the reconstruction consists in the fact that
the Cahill-Glauber distribution P (α; s) can be presented
as the expectation value of the operator
Pˆ (α; s) =
2
pi(1− s) : exp
[
− 2
1− s nˆ(α)
]
:, (42)
where
nˆ(α) = (aˆ† − α∗)(aˆ− α) (43)
is the displaced photon-number operator [10]; aˆ and aˆ†
are field annihilation and creation operators, respectively.
To get the value of the function P (α; s) at the point α,
one performs a displacement −α of the quantum state
in phase space and then one measures the expectation
value of the operator (42), which is proportional to the
normal-ordered exponent of the photon-number operator
(33). With a minimal amount of loss, the displacement
may be achieved by combining the signal field with the
field of the local oscillator via a beam splitter with large
transmission coefficient (see Fig. 7). For s = −1, 0, 1, the
quasiprobability distribution P (α; s) = 〈Pˆ (α; s)〉 is the
Husimi-Kano functionQ (α) [34, 35], the Wigner function
W (α) [52], and the Glauber-Sudarshan function P (α)
[32, 33], respectively.
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FIG. 7. Scheme for unbalanced homodyne detection [10, 11].
The signal is combined with a local oscillator on a beam split-
ter with a transmission coefficient close to one. The output
is then sent to an array detector (see also Refs. [48, 49]).
The expectation value of the operator Pˆ (α; s) can be
estimated from Eq. (6) for Bˆ = Pˆ (α; s). The cor-
responding contravariant coordinates are given by Eqs.
(15), (25), and (26), for which
FN ;k =
2N
pi [N(1− s) + k(1 + s)] (44)
is easily obtained from Eq. (34) by substituting t =
2/(1 − s) and multiplying by 2/pi(1 − s). The HS norm
of this operator is similarly obtained from Eq. (35),
‖Pˆ (α; s) ‖[2]HS = −
1
pi[2]s
(45)
for s < 0. This norm can be used for calculating the
corresponding HS mismatch. For s ≥ 0, the operator
Pˆ (α; s) does not belong to the HS class. However, a
proper truncation of this operator according to Eq. (41)
resolves this problem. In this case, the truncation pa-
rameter M is chosen in such a way that the probability
of more than M photons at the detected output of the
beam splitter is negligible.
The HS mismatch for the operator Pˆ (α; s) and its
truncated versions are presented in Fig. 8. For small
values of the parameter s, the maximal error is small
too. However, when the value of s is close to zero, the
HS mismatch of the full operator increases rapidly. At
the same time, the HS mismatches of truncated operators
still have acceptable values for s = 0 and even for larger
s. This means that the reconstruction of states with a
small photon number is also possible for such values of
s. Note that with increasing α, the effective truncation
parameter M increases too. This implies that the recon-
structed Cahill-Glauber distributions with s & 0 gives
larger noise for larger values of |α|.
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FIG. 8. The HS mismatch for the operator Pˆ (α; s) (solid
line) and for its truncations up to M = 7 (dashed line) and
M = 2 (dot-dashed line) as functions of the parameter s.
In order to demonstrate the applicability of the
method, we performed some numerical simulations.
Specifically, we simulated the displaced click statistics
%n(α) for the squeezed-vacuum state, whose Wigner func-
tion is given by
W (α) =
2
pi
exp
[
−λ†JV −1Jλ
]
, (46)
where λ = ( αα∗ ), J =
(
1 0
0 −1
)
is the symplectic matrix,
and
V =
(
cosh 2ξ sinh 2ξ
sinh 2ξ cosh 2ξ
)
(47)
is the covariance matrix, where ξ is the squeezing param-
eter. For our example, we choose ξ = 0.8, the number of
detectors in the array is N = 8, the efficiency is η = 0.7,
and we assume zero dark counts (ν = 0). We generated
a sample size of 105 data points for each value of α.
The simulated data are substituted in Eq. (6) [see also
Eqs. (15), (25), and (44)] in order to reconstruct phase-
space distributions with different values of s. The result
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is shown in Fig. 9 and compared with the ideal phase-
space distributions. For a large range of values s < 0, the
reconstructed distribution fits the theoretical one with
a negligible error. An acceptable result is specifically
obtained for the Wigner function (s = 0) [see Fig. 9(a)].
Moreover, for small values of the amplitude α, we also
obtain a good fit for positive s [see Fig. 9(b)].
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FIG. 9. Theoretical (dashed lines) and reconstructed from
the simulated data (solid lines) Cahill-Glauber phase-space
distributions with (a) s = 0 [Wigner function W (α)] and (b)
s = 0.2 [distribution P (α; 0.2)] for a squeezed vacuum for (i)
Imα = 1 and (ii) Imα = 0. Further details of the simulation
are given in the text.
V. SUMMARY AND CONCLUSIONS
In summary, we devised a technique to study quantum-
physical measurements which is based on a geometrical
interpretation of Born’s rule. In our framework, each
(generalized) observable is a vector in the space of oper-
ators together with the corresponding POVM basis. We
introduced the complementary concept of a contravariant
operator-valued measure, the dual basis to the POVM
under study. The contravariant coordinates of the ob-
servable define the possible measurement outcomes and
covariant coordinates of the density operator define the
probabilities of these outcomes. We have shown that
other observables can be reconstructed or estimated from
the statistics of the given measurement. In the latter
case, the systematic error was determined and related to
the orthogonal complement to the POVM.
Our techniques are vital for the experimental deter-
mination of properties of quantum-optical systems mea-
sured with imperfect detectors. As an example, we con-
sidered the application to click-counting schemes, which
consist of an array of individual on-off detectors. Based
on our theory, we were able to reconstruct and quan-
titatively assess properties of the photon-number distri-
bution without perfect photon-number resolution. For
instance, the reconstruction of the photon-number statis-
tics itself from the click statistics cannot be performed di-
rectly because of the large systematic error of the under-
lying ill-posed inversion problem. However, we success-
fully obtained expectation values for a number of other
observables, which are functions of the photon-number
operator. For many cases in such a scenario, we showed
that our proposed geometrical technique robustly led to
results with a small systematic error.
As a second application, we considered state recon-
struction problems. We demonstrated that our developed
technique can be successfully used to obtain the Cahill-
Glauber s-parametrized quasiprobability distribution by
employing unbalanced homodyne detection. Typically,
this experimental technique is challenging for implemen-
tations because of the need for a clear discrimination be-
tween adjacent photon numbers. Here, however, we have
shown by our error estimation and numerical simulations
that the unbalanced homodyne detection can be success-
fully implemented with an array of a few detectors only.
It is also important to point out that, in general, this
reconstruction does not require the application of regu-
larization methods. Thus, our geometrical technique is
an efficient tool for the quantum-state reconstruction.
In conclusion, our concept of a geometrical interpre-
tation of Born’s rule provides useful tools for gaining a
deeper understanding of the fundamental quantum mea-
surement principle. In addition, we demonstrated that
our approaches can be applied to many practical situa-
tions in which the determination of expectation values for
different observables is needed. Specifically, our rigorous
estimation of reconstruction errors is vital for the inter-
pretation of experimental data. This includes the treat-
ment of informationally incomplete detectors, which cor-
responds to a finite-dimensional POVM in a continuous-
variable system. This was exemplified for photocounting
via arrays of on-off detectors. Therefore, we presented an
application-friendly theoretical approach to the geome-
try of quantum measurements in general and the photo-
counting in particular.
ACKNOWLEDGMENTS
The authors are grateful to M. Bohmann, D. Vasy-
lyev, and S. Gerke for enlightening discussions and help-
ful comments. J.S. and W.V. acknowledge funding from
the European Union’s Horizon 2020 Research and In-
11
novation program under Grant Agreement No. 665148
(QCUMbER).
Appendix A: Application to photocounting
Beyond click-counting schemes (see Sec. III), we
present the application of our technique to the impor-
tant example of photoelectric detection models here. In
the ideal case, the standard form of Born’s rule applies
using the photon-number operator nˆ with the orthonor-
mal POVM Πˆn = |n〉 〈n|. However, this is no longer true
for realistic detectors, which is discussed in the following.
1. Metric tensor and the COVM
The photocounting theory [4, 5] yields the imperfect
detection of photons. The resulting POVM is defined in
terms of the elements
Πˆn =:
(ηnˆ+ ν)
[n]
n!
exp [−(ηnˆ+ ν)] : . (A1)
As defined previously, η is the detection efficiency, ν is
the intensity of dark counts [43], the superscript [n] indi-
cates the nth power of the operator ηnˆ+ν, and : · · · : de-
notes the normal-ordering prescription. We restrict our-
selves to ν = 0. The generalization to arbitrary ν can
be straightforwardly performed using the approaches in
Refs. [43, 53]. Now we can expand the POVM elements
in Eq. (A1) using photon-number eigenstates as
Πˆn = :
(ηnˆ)[n]
n!
exp(−ηnˆ) : (A2)
=
∞∑
k=n
(
k
n
)
η[n](1− η)[k−n]|k〉〈k|.
Furthermore, the measurement outcomes correspond to
non-negative integers Cn = n. Hence, the resulting gen-
eralized observable is given by
Cˆ =
∑
n
n Πˆn = ηnˆ (A3)
For η < 1, the eigenvalues of this operator ηn do not de-
scribe the actual number n. Therefore, we have a typical
example of the generalized observable.
To express the COVM, we compute the covariant met-
ric tensor, which reads
gnm = 〈Πˆn, Πˆm〉HS (A4)
=
η[n+m−1]
2− η
n+m∑
k=max[n,m]
k!
(k − n)!(k −m)!(m+ n− k)!
× (1− η)
[2k−n−m]
η[k] (2− η)[k]
.
This metric tensor can be analytically inverted. This
yields the contravariant metric tensor
gnm =
(
η − 1
η
)[n+m] min[n,m]∑
k=0
(
n
k
)(
m
k
)
(η − 1)[−2k] .
(A5)
Using Eq. (12), we can also write the elements of the
desired COVM in the form
Πˆn =
(
η − 1
η
)[n]
: exp(−nˆ) Ln
(
nˆ
1− η
)
:, (A6)
where Ln denotes the nth Laguerre polynomial (see also
Appendix A 3). Let us stress that these operators are
not positive semidefinite, which can be directly seen in
the photon-number representation
Πˆn =
n∑
k=0
(
n
k
)(
1
η
)[k](
1− 1
η
)[n−k]
|k〉〈k|, (A7)
where 1− 1/η < 0 for 0 < η < 1.
2. Reconstructing statistical properties
Let us consider examples of contravariant coordinates
for different (generalized) observables in the POVM basis
(A1) to reconstruct the expectation value of these observ-
ables by measuring the outcomes of the photocounting
with losses [see Eq. (4)].
(i) Let us assume Bˆ = nˆ, i.e., the photon-number op-
erator. Then the corresponding coordinates read
Bn = 〈Πˆn, nˆ〉HS = n
η
. (A8)
This obvious relation not only indicates the proper
function of our approach but also demonstrates
that the mean number of photons is related to the
mean number of photo-counts 〈nˆ〉 = 〈Cˆ〉/η.
(ii) The contravariant coordinates of the operator Cˆ in
Eq. (A3) are
Cn = 〈Πˆn, Cˆ〉HS = n. (A9)
Hence, although the eigenvalues ηn of the operator
Cˆ do not describe the measurement outcomes, the
contravariant coordinates do.
(iii) To study the generating functions, let Bˆ = exp(tnˆ).
Then we get
Bn = 〈Πˆn, exp(tnˆ)〉HS
=
(
1 +
exp(t)− 1
η
)[n]
. (A10)
The Taylor expansion of this formula also leads to
the next observation.
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(iv) Let us assume Bˆ = nˆ[m]. The mean value of this op-
erator represents the corresponding mth moment.
The contravariant coordinate of Bˆ reads
Bn =〈Πˆn, nˆ[m]〉HS
=
n∑
k=0
k[m]
(
n
k
)
1
η[k]
(
1− 1
η
)[n−k]
. (A11)
(v) The normal-ordered generating function is given by
the expectation value of Bˆ =: exp(tnˆ) :. We find
Bn =〈Πˆn, : exp(tnˆ) :〉HS =
(
1 +
t
η
)[n]
. (A12)
Similar to Eq. (A10), we can expand it in Taylor
series with respect to t to obtain the next result.
(vi) Let us assume Bˆ =: nˆ[m] :, yielding the normal-
ordered mth moment. We have
Bn =〈Πˆn, : nˆ[m] :〉HS
=
{
n!
η[m](n−m)! for n ≥ m
0 for n < m.
(A13)
(vii) Consider the contravariant coordinate of the
POVM Πˆm(0) = |m〉 〈m| without loss. The trans-
formation matrix to the lossy case is given by
Sm
n = 〈Πˆm(0), Πˆn(η)〉HS (A14)
=
{ (
n
m
)
1
η[m]
(
1− 1η
)[n−m]
for n ≥ m,
0 for n < m.
This straightforward consequence of our geometri-
cal analysis resembles the results obtained in Refs.
[44, 54]. It allows for the transformation of imper-
fect photocounts into actual photon numbers.
(viii) More generally, we can transform between arbi-
trary efficiencies η → η′, which are described via
the COVM elements Πˆn(η) and POVM elements
Πˆn(η
′). The resulting transformation reads
[S(η′, η)]mn = 〈Πˆn (η) , Πˆm (η′)〉HS (A15)
=
{ (
n
m
)
η′[m]
η[n]
(η − η′)[m−n] for n ≥ m,
0, for n < m.
Therefore, we have the possibility to reconstruct ex-
pectation values and probability distributions of different
observables with the technique developed from data ob-
tained from imperfect photodetection. For instance, the
above results can be used to infer nonclassical photon-
number correlations in terms of normal-ordered moments
[6]. For certain situations, the methods considered can-
not be directly applied, for example, when the exper-
imental noise in the measured data affects the recon-
struction. In such cases, one can complete the technique
with regularization methods, e.g., the Landweber itera-
tion [55, 56], which results in an acceptable accuracy of
the reconstruction [53].
3. Metric tensors and the COVM for
photocounting with losses
In the following, we describe methods of obtaining the
co- and contrvariant metric tensors [see Eqs. (A4) and
(A5)] as well as the COVM (A6) for the case of lossy
photocounting. First of all, we present the equation for
HS scalar product of two operators, which is useful for
our calculations,
Tr(AˆBˆ) = pi
∫
C
d[2]β ACQ(β)BCQ(−β) exp(|β|[2]),
(A16)
where we use the characteristic function of the Q symbol
of the operator
ACQ(β) =
1
pi[2]
∫
C
d[2]α 〈α| Aˆ |α〉 exp(αβ∗ − α∗β),
(A17)
BCQ(β) is defined similarly, and |α〉 is the coherent
state. For the POVM (A1) and ν = 0, we have
〈α| Πˆn |α〉 = exp(−η|α|[2])η[n] |α|[2n] /n!, which yields,
for gnm = Tr[ΠˆnΠˆm] the expression (A4).
Alternatively, the covariant metric tensor can be writ-
ten as
gnm =
∞∑
k=0
Tn
kTm
k. (A18)
Here Tn
k can be obtained via the expansion coefficients
in the series
Πˆn =
∞∑
k=0
Tn
k |k〉 〈k| . (A19)
Remembering that the contravariant metric tensor gnm
is the inverse of the covariant metric tensor gnm, one gets
from Eq. (A18) that
gnm =
∞∑
k=0
Sk
nSk
m, (A20)
where Sk
n is given by Eq. (A14) (see. Ref. [44, 54]).
After straightforward algebra, one finds the expression
for the contravariant metric tensor in Eq. (A5).
The explicit form of the COVM is obtained by substi-
tuting Eq. (A5) into Eq. (12). This immediately results
in the expression (A7) for the COVM. In order to rewrite
the COVM in the normal-ordered form, one has to cal-
culate 〈α| Πˆn |α〉 from Eq. (A7) and then replace α 7→ aˆ
and α∗ 7→ aˆ† employing normal ordering. Eventually,
this yields Eq. (A6).
Appendix B: Functions of generalized observables
If we consider the standard observable Aˆ with the
measurement outcomes An, then the operator F (Aˆ) rep-
resents the observable with the measurement outcomes
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F (An). However, for the generalized observable Cˆ, this is
not true in general. For example, one could consider the
click-number operator for the array detectors [22]. The
square of this operator will not correspond to the observ-
able for which we ascribe the value k[2] for the outcome
with k clicks. However, such an observable appears to be
important for the verification of nonclassical light [57].
Let us consider this question in more detail by starting
with the special case for which F (Cn) = (Cn)[2]. In close
analogy with the star product in the phase-space repre-
sentation of quantum mechanics [58–60], we say that the
corresponding operator Cˆ [?2] is star squared with respect
to the POVM Πˆn,
Cˆ [?2] =
∑
n
(Cn)[2]Πˆn =
∑
n
〈Πˆn, Cˆ〉[2]HSΠˆn. (B1)
It is worth mentioning that in the case of a standard
observable, for which Πˆn = Πˆ
n = |An〉 〈An|, we immedi-
ately retrieve the standard relation Aˆ[?2] = Aˆ[2].
Similar relations can be formulated for any higher-
order moment and, more generally, for any function of
the observable Cˆ. Thus, in a close analogy we present
the star function of the observable with respect to the
given POVM,
F ?(Cˆ) =
∑
n
F (Cn)Πˆn =
∑
n
F (〈Πˆn, Cˆ〉HS)Πˆn. (B2)
Therefore, in the case of generalized observable, the star
function has to be employed.
Appendix C: Covariant metric tensor and covariant
coordinates for array detectors
Let us further elaborate the technique of calculation
of the covariant metric tensor gnm for the case of array
detectors and give additional expressions for the covari-
ant coordinate, which includes detection losses with the
efficiency η and dark counts with the mean intensity ν.
These values can be obtained experimentally with the
detector-calibration technique in Ref. [42].
We start with the introduction of a more general ex-
pression than a metric tensor,
Tr
[
Πˆn (N, η, ν) Πˆm (N
′, η′, ν′)
]
(C1)
=
(
N
n
)(
N ′
m
) n∑
k=0
m∑
l=0
(
n
k
)(
m
l
)
(−1)[n+m−k−l]FN,N ′;k,l,
where
FN,N ′;k,l (C2)
=
NN ′ exp
(−νN−kN ) exp(−νN ′−lN ′ )
N(N ′ − l)η′ +N ′(N − k)η + ηη′(N − k)(N ′ − l) .
Equation (C1) represents the covariant coordinate of
the POVM Πˆm (N
′, η′, ν′) in the basis of the POVM
Πˆn (N, η, ν). This expression has been obtained by using
the rule (A16). The covariant metric tensor is obtained
by setting N = N ′, ν = ν′ and η = η′. Particularly for
ν = 0 and η = 1, we obtain Eq. (24).
The covariant coordinates for different observables are
given by Eq. (25). However, the coefficients FN ;k in the
most general case are given by
FN ;k = Tr
[
Bˆ : exp
(
−N − k
N
g(nˆ)
)
:
]
. (C3)
In the following, we present the corresponding results for
the families of operators studied in Sec. III.
(a) Let us assume Bˆ = |m〉 〈m|, which is a projector on
a Fock state. In this case, the covariant coordinates
can be found by expanding the POVM (23) with
respect to |m〉 〈m|,
Bn =
[
|m〉 〈m|
]
n
(C4)
=
(
N
n
) n∑
l=0
(
n
l
)
(−1)[n−l]
(
ηl +N(1− η)
N
)[m]
× exp
(
−νN − l
N
)
.
(b) Let us assume Bˆ = exp(−tnˆ). In this case FN ;k in
Eq. (25) is given by
FN ;k =
N exp
(−νN−kN )
N [1− exp(−t)] + η(N − k) exp(−t) . (C5)
(c) Let us assume Bˆ = nˆ[m]. The corresponding co-
efficients FN ;k can be obtained via expanding Eq.
(C5) in a series with respect to −t. After some
algebra, this yields
FN ;k = exp
(
−νN − k
N
)
(C6)
×
(
x
d
dx
)[m]
(1− x)[−1]
∣∣∣
x=1−η(N−k)/N
.
(d) Let us assume Bˆ =: exp(−tnˆ) :. The coefficients
FN ;k read
FN ;k =
N exp
(−νN−kN )
η(N − k)(1− t) + tN . (C7)
(e) Let us assume Bˆ =: nˆ[m] :. The coefficients FN ;k
are given by
FN ;k = exp
(
−νN − k
N
)
(C8)
× m!N
η(N − k)
(
N
ηN − k − 1
)[m]
.
By setting η = 1 and ν = 0 in Eqs. (C4), (C5), (C6),
(C7), and (C8), one obtains Eqs. (27), (31), (36), (34),
and (37), respectively.
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Appendix D: The pseudoinversion problem
Here we provide additional details on our geometrical
technique in relation to the pseudoinversion problem. For
this reason, we consider a finite-dimensional set of POVM
operators Πˆn for I = {0, . . . , N − 1} like that described
for the array detector [see Eq. (23)]. In addition, the
infinite-dimensional set, i.e. I = N0, of photocounting
POVM [see Eq. (A1)] is denoted in the following by Λˆn.
Considering Πˆn as a given observable in the basis of Λˆn,
we can write, similar to the rule (4),
Πˆm =
∞∑
n=0
Tm
nΛˆn. (D1)
Here,
Tm
n = 〈Λˆn, Πˆm〉HS (D2)
can be considered as the contravariant coordinate of the
operator Πˆm in the basis of operators Λˆn or the trans-
formation matrix between different bases. The inverse
relation
Λˆk =
N−1∑
n=0
Sm
nΠˆn + Rˆm (D3)
contains the orthogonal complement Rˆm because the ba-
sis of Πˆk is finite. The transformation matrix is described
by the components
Sk
n = 〈Πˆn, Λˆm〉HS, (D4)
which can also be considered as the contravariant coor-
dinate of the operator Λˆm in the basis of operators Πˆn.
It is important to note the following features:
Tm
n = 〈Λˆn(1, 0), Πˆm(1, 0)〉HS = 〈Λˆn(η, ν), Πˆm(η, ν)〉HS,
(D5)
Sm
n = 〈Πˆn(1, 0), Λˆm(1, 0)〉HS = 〈Πˆn(η, ν), Λˆm(η, ν)〉HS.
(D6)
In those relations, we explicitly introduce the dependence
on the detection efficiency η and dark count intensity ν
in POVM and COVM operators. This property means
that the actual matrices Tm
n and Sm
n do not depend on
η and ν. Due to the orthogonality of the POVM elements
Λˆn(1, 0) [i.e. 〈Λˆn(1, 0), Λˆm(1, 0)〉HS = δnm], the index n
in the matrix Tm
n can be lowered Tm
n = Tmn. This
yields that the explicit form for Tm
n coincides with the
covariant coordinate Bn, of the operator |m〉 〈m| given
by Eq. (25).
In order to simplify notation, we introduce the sym-
bols for the matrices T = (Tm
n)m∈{0,...,N−1},n∈N0 and
S = (Sm
n)m∈N0,n∈{0,...,N−1}. By using Eqs. (D2), (D4),
(D5), and (D6) as well as the rule of rising indices (15),
one can connect the matrices T and S,
S = TT
(
TTT
)[−1]
. (D7)
This means that S is the Penrose-Moore pseudoinverse
[61] of T , which is often written as S = T+.
Let us mention some important properties of the
Penrose-Moore pseudoinverse in connection to our ap-
plication. First, we introduce vectors of the click statis-
tics % = (%m)m∈{0,...,N−1} and the photon-number statis-
tics p = (pn)n∈N0 ; recall that %m = 〈%ˆ, Πˆm〉HS and
pn = 〈%ˆ, Λˆn〉HS. Applying the quantum-state functional
to Eq. (D1), one gets the transformation relation
% = Tp. (D8)
Similarly, introducing an approximate photon-number
statistics via the vector p˜ = (p˜n)n∈N0 , where p˜n =
〈%ˆ, Λˆn − Rˆn〉HS, Eq. (D3) is rewritten as
p˜ = S%. (D9)
This means that the approximate vector (D9) minimizes
the functional
F = ‖T p˜− %‖[2], (D10)
where ‖ · · · ‖ is the L2-norm of the vector [61]. There-
fore, our geometrical method gives the best approximate
solution in the sense of least squares, which is known
to be described via the Penrose-Moore pseudoinverse.
Still, the direct applications of the pseudoinversion to
the problem of photon-number reconstruction can lead
to unacceptable results (see Sec. III B). For this reason,
regularization methods can be introduced by applying a
modification of the functional (D10) [55, 56].
As mentioned previously, the matrix S is the so-called
Penrose-Moore pseudoinverse to the matrix T , which has
to satisfy the conditions: (i) STS = T , (ii) TST = S,
(iii) (TS)T = TS, and (iv) (ST )T = ST . Specifically,
the conditions (iii) and (iv) reflect the connection to the
HS space. It is also worth mentioning that beyond the
HS structure, other types of pseudoinverses can be intro-
duced. An example is the matrix S˜, given by
S˜m
n =
(
N
n
)[−1]
N [m]
n!
(−1)[m−n]
[
n
m
]
, (D11)
where [ nm ] are Stirling numbers of the first kind (see also
the Supplemental Material to Ref. [62]). This type of
pseudoinverse does not satisfy condition (iv).
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